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INTRODUCTION 
Background 
The discovery of the high-Tc cuprate superconductors [1] is of considerable importance and of con­
tinuing interest in the fields of Physics, Chemistry, Materials Science, and Engineering. The search for 
new materials capable of carrying large currents while exhibiting practically no electrical resistance over 
a wide range of temperatures has derived renewed impetus from this discovery. Although formidable 
problems remain insofar as the actual realization of broad-base technology applications, the scientific 
and engineering communities continue to improve and extend their understanding of this new class of 
type-II superconductors. 
The phenomenological study of the cuprate superconductors is tied closely to the investigation of 
the complex interplay between magnetic and transport properties. Specifically, the behavior of the 
magnetic flux penetrating into these compounds in the form of quantized vortices is critical to the 
understanding of both the persistence and degradation of the superconducting state. One area of great 
technological concern is the connection between the dynamics of flux penetration and hysteretic losses. 
The Bean approximation [2] and many other critical state models had been developed to a high level 
of sophistication in the study of precisely this aspect of the more conventional type-II superconductors. 
The critical state paradigm has been applied to the high-Tc materials, and it currently remains an active 
area of investigation (see, for example, [3, 4, 5].) Nevertheless, this is but one, albeit technologically 
important, part of the phenomenology of the high-Tc superconductors. The literature on the nature of 
vortices in these new materials is immense. In trying to develop the physics of these vortices as a new 
state of matter, much effort has been expended on understanding details of the vortex phase diagram, 
the underlying vortex structures, vortex-vortex interactions, and the interaction between vortices with 
various types of defects. A vast but by no means exhaustive resource for these and many other related 
topics is to be found in [6]. 
In the high-Tc materials, superconductivity is essentially confined to the Cu02 planes. The vortices 
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in these highly anisotropic compunds can be described using the well-known Lawrence-Doniach model 
[7] for layered type-II superconductors. In this picture, vortices arising from an applied magnetic field 
perpendicular to the planes can be understood in terms of two-dimensional (2D) pancake vortices re­
siding in the superconducting layers, with pancake vortices in adjacent layers connected by Josephson 
strings that span the non-superconducting region between the layers. The equations describing vor­
tices in the context of this model are nonlinear and fairly complicated to solve even in the linearized 
regime. Moreover, the presence of this interlayer Josephson coupling complicates the question as to 
how transport current injected into the material gets distributed among the superconducting layers. 
It is therefore not surprising that a simpler model has been widely utilized as an alternative to 
the Lawrence-Doniach description. In this simplified picture, the Josephson coupling between super­
conducting layers is neglected entirely, and both the magnetic field and current density distribution 
generated by the configuration of 2D pancake vortices can thus be computed by linear superposition. 
The absence of any interlayer Josephson coupling does not mean that pancake vortices in different lay­
ers no longer interact with one another, since these pancake vortices can still be magnetically coupled 
to each other. In addition, transport current injected into any one of the Josephson-decoupled layers 
remains entirely confined to that layer. Hence, 2D pancake vortices residing in the other layers are 
affected by the applied current only if they remain magnetically coupled to the pancake vortices in the 
same layer where the current flows. 
Henceforth, this simplified description shall be utilized throughout this dissertation, whereby the 
high-Tc cuprates are approximated as a stack of Josephson-decoupled superconducting thin films. The 
structure of vortices within an infinite number of such layers had already been investigated, specifi­
cally in [8], where the term "pancake vortices" was first used to describe the localized current density 
distributions that are established within the superconducting layers. 
Dissertation Organization 
Two papers have been incorporated into this dissertation. The first paper has been accepted for 
publication in Physical Review B, whereas the second paper is to be submitted for publication in the 
same journal. In both these papers, the approach followed in [8] shall be used as a starting point to 
construct a model for the structure of vortices in a stack consisting of a finite number of magnetically 
coupled superconducting planes, taking the full discreteness of the layers into consideration. However, 
the proposed model will not be able to take into account any effects that may arise from thermal 
fluctuations in these systems. 
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The first paper develops the theory of magnetic coupling between 2D pancake vortices in a stack 
of N Josephson-decoupled superconducting planes with no pinning. Starting with the properties of 
a single pancake vortex located in any one of these layers, an analytical solution is obtained for the 
magnetic interaction force between pancake vortex lattices having the same structure and displaced 
without being rotated relative to each other. With this expression, the behavior of N triangular 2D 
pancake vortex lattices in the stack of superconducting layers is investigated when equal but oppositely 
directed transport currents flow in the top and bottom layers. The structure of these stacks of pancake 
vortices is considered, and the conditions determining their stability against the action of the applied 
currents are analyzed. Moreover, it is found that when the magnitude of the surface current densities 
in the outermost layers exceeds a certain critical value, the top and bottom pancake vortex lattices 
magnetically decouple from the vortex lattices in the other layers. The behavior of this decoupling 
s u r f a c e  c u r r e n t  d e n s i t y  i s  t h e n  d e t e r m i n e d  f o r  d i f f e r e n t  m a g n e t i c  f i e l d s  a n d  d i f f e r e n t  v a l u e s  o f  N .  
In the second paper, the dynamics of these 2D pancake vortex lattices is investigated when transport 
current flows only in the top layer. Both zero pinning and nonzero uniform pinning in the superconduct­
ing layers are considered, and the resulting effects on the motion of the pancake lattices are presented. 
.Most important of all, current-voltage characteristics arising from the motion of magnetic flux are cal­
culated. These computed flux-flow voltages should correspond to the voltages that one would expect 
to measure by attaching properly configured voltage measuring circuits to the top and bottom layers. 
.Analogous to what was determined in the first paper, the topmost 2D pancake vortices decouple from 
the pancake vortices in the other layers when the magnitude of the applied surface current density 
flowing in the top layer exceeds a critical value. The dependence of this dynamical decoupling surface 
current density is investigated over a range of values of the applied magnetic field, the critical depinning 
surface current density, and the number of layers in the stack. 
The Conclusion gives a summary of the main results of these two papers and the significance of 
these findings to current research in Superconductivity. Finally, the Bibliography contains a sizable 
listing of references that have direct relevance to the problems addressed in the two papers included in 
this dissertation. 
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MAGNETIC COUPLING OF TWO-DIMENSIONAL PANCAKE 
VORTEX LATTICES IN A FINITE STACK OF THIN 
SUPERCONDUCTING FILMS WITH TRANSPORT CURRENTS IN 
THE TWO OUTERMOST LAYERS 
A paper published in Physical Review B 
Thomas Pe, Maamar Benkraouda, and John R. Clem 
Abstract 
We give a detailed study of the magnetic coupling between two-dimensional (2D) pancake vortices in 
a stack of iV Josephson-decoupled superconducting thin films. The problem of a single pancake vorte.x 
in a finite stack of layers is first considered. We then investigate the magnetic interaction between 
2D pancake lattices residing in different layers. It is assumed that all these 2D lattices have the same 
structure and orientation, although it is not required that they be in perfect registry. We derive an 
analytical solution for the coupling force on a pancake in a lattice arising from its interaction with a 
vortex lattice in another layer. As a direct application of this solution, we consider the case wherein a 
magnetic field is applied perpendicular to the layers and equal but oppositely directed surface current 
densities are introduced into the top and bottom layers, respectively. For weak currents, force-balanced 
configurations of pancake vortices are obtained. We then show the existence of a decoupling surface 
current density. Above this critical value, slippage occurs between 2D pancake lattices in different 
layers. This decoupling surface current density is then calculated for different magnetic fields and for 
different values of jV. 
Introduction 
The high-Tc cuprates have given renewed impetus in recent years to the study of layered super­
conductors. Because of the large anisotropy between the c a.vis and the Cu Oo planes in the Bi- and 
Tl-based compounds, it is not possible to construct a satisfactory phenomenological description using 
continuum Ginzburg-Landau or London formulations. Organic layered superconductors and the more 
recently studied epitaxially grown multilayer structures [9, 10, 11, 12, 13, 14, 15, 16] are two other 
examples of systems that are best modeled by a discrete set of weakly coupled superconducting layers. 
Vortices in these layered materials differ remarkably in structure from Abrikosov vortices. For in­
stance, tilted lines of Abrikosov vortices in continuous superconductors are replaced in the layered 
materials by tilted stacks of intralayer two-dimensional (2D) pancake vortices joined by interlayer 
Josephson strings. The description of vortices in layered structures within the Lawrence-Doniach model 
[7, 17, 18, 19] has been treated e.xtensively in the literature [20, 21, 22, 23]. The Lawrence-Doniach 
description has been further simplified by entirely disregarding the effects of the weak interlayer Joseph-
son coupling. This approach has proven to be useful in studies of vortex-lattice melting at low fields 
[24, 25]. In particular, it is shown in [25] that the characteristic shape of the low-field 3D melting line 
is obtained when interlayer electromagnetic interactions are taken into account and Josephson coupling 
entirely neglected. 
Within this model, the layered superconductor is taken as an array of parallel thin films, wherein 
2D pancake vortices residing in different layers can interact with each other only via magnetic coupling 
[8, 20, 21, 26, 27]. For an applied magnetic field parallel to the c direction, these vortices form straight 
stacks. Because currents can flow only within the superconducting layers, a nonzero component of the 
applied field parallel to the layers exerts zero net force on any 2D pancake vortex. This means that 
even in the presence of an applied field tilted relative to the c axis, the stacks of Josephson-decoupled 
2D pancake vortices remain perpendicular to the layers. The only way to destroy this alignment of 
pancakes would be to apply transport currents to the superconducting layers. In the absence of interlayer 
Josephson coupling, transport current injected into a given layer remains strictly confined to that layer. 
A Lorentz force acts only on the pancake vortices residing in the layer where current flows. Nevertheless, 
pancake vortices in different layers are magnetically coupled to each other, so that any current-induced 
motion of pancakes in a given layer gives rise to motion of pancakes belonging to current-free layers. 
This is essentially the idea behind the early work on dc flux transformers [28, 29, 30, 31, 32, 33] and 
the more recent experiments done on high-Tc superconductors [34, 35, 36, 37, 38, 39]. 
None of the theoretical work cited above has incorporated the eff'ects arising from the finite number 
of superconducting layers present in real samples. This is regrettable, especially if one wishes to model 
experiments similar to those on dc flux transformers where transport currents are injected into the 
outermost layers of the sample. An attempt has been made in [40] to calculate the magnetic field and 
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current distribution generated by a single 2D pancake vortex in a finite stack of Josephson-decoupled 
superconducting layers. This approach involves repleicing all the screening layers above and below the 
2D pancake layer with a superconducting continuum that allows supercurrents to flow only parallel to 
the layers. 
We present in this paper a thorough investigation of the magnetic coupling between 2D pancake 
vortices in a stack of N superconducting films with no Josephson coupling, taking into account the full 
discreteness of the layered structure. We give an analytical solution for the magnetic force exerted by 
a 2D vortex lattice on a pancake vortex belonging to another lattice in a different layer. It is assumed 
that these two lattices have the same structure and are displaced (not rotated) relative to each other. 
As an application, we study the response of N perfectly triangular 2D pancake lattices (one in each 
layer) to two equal but oppositely directed current distributions flowing in the top and bottom layers. 
For simplicity, we assume that these currents flow perpendicular to a nearest-neighbor direction. The 
spatial configuration of the 2D pancake vortices is determined for sufficiently weak applied currents. We 
also demonstrate the existence of a maximum surface current density; above this value, slippage occurs 
between pancake lattices in different layers. Lastly, we determine the magnitude of this decoupling 
current density for different values of N and for different magnetic fields applied along the c axis. 
Single Pancake in a Finite Stack of Thin Superconducting Layers 
We begin by calculating the magnetic vector potential for a 2D pancake vortex in a stack of N  
superconducting layers. It is assumed throughout that no Josephson coupling is present between the 
layers. We also emphasize that the effects of thermal fluctuations or pinning within the layers are not 
taken into account. 
Defining s to be the interlayer spacing, we consider each of the N layers as a thin film whose thickness 
d is much less than the bulk penetration depth A,. Assume that the bottom layer coincides with the 
plane r = 0. Hence, we can reference the layer at ; = ns by the integer n (with 0 < n < iV — 1.) Let 
layer m correspond to the pancake layer. For the time being, choose the pancake to be centered on the 
; axis. (Refer to Fig. 1.) 
We adopt an approach similar to that in [8]. In cylindrical coordinates, the vector potential has 
only one nonzero component. 
where J i { q p )  is the first-order Bessel function of the first kind. Z { q , m )  has the following forms: for 
rCO 
/  d q A ( q , m ) J i { q p ) Z ( q , z , T n ) ,  
J  O  
•C
(1 )  
i 
+  z  
n = N-l 
n = N-2 
n = m+1 
n = m 
n = m-1 
n = l 
n = 0 
Figure 1 A single 2D pancake vortex in a finite stack of N superconducting 
layers. Zero Josephson coupling between the layers is assumed and 
no thermal fluctuations or pinning within the layers is taken into 
account. The interlayer spacing is s, and each layer is referenced via 
an integer index n ranging from 0 to N—l. The r axis is perpendicular 
to the layers, such that r = ns. Hence, the plane ; = 0 coincides with 
the bottom layer. Lastly, n = m corresponds to the layer containing 
the 2D pancake vortex 
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n  <  z / s  < n + I. 0 < n < iV — 1, 
Z { q , z , m )  = —|e ''•>•">1" sinh ^[(n + l)s - r] 
sinngs I. 
^g-Qn+i-ntln+i-mls sinh9(; — ns)|; (2) 
for z / s  =  n ,  0 < n < N  —  I ,  
(3) 
otherwise, 
Z ( q , z , m )  =  
e -Qw-i.H.(iV-i-m)»g-q[2-(iV-i)i]^ r/s > iV — 1, (4) 
z / s  <  0. 
.4(9, m) and the exponential terms given above are solved subject to two conditions. 
The first condition is the equation relating the vector potential and the sheet current density 
generated by the single pancake: for 0 < n < AT — 1, 
The 2D thin-film screening length A is here defined as 2 X ] f d .  (As mentioned in [8], some papers in 
the literature define .'V without the factor of 2.) A symbol such as denotes a partial derivative with 
respect to the subscripted coordinate. For the phase 7 of the order parameter, we have used the gauge 
7 = —If for n = m and 7 = 0 otherwise. 6^ is the flux quantum hc/2e and is the usual Kronecker 
delta. 
The second condition gives in terms of the discontinuity in the radial component of the magnetic 
field across a layer. In terms of the vector potential a^,, we can write this condition as 
for 0 < n < — I. Let us combine this with the first condition by eliminating K^. We arrive at the 
following condition for the vector potential at any layer 0 < n < iV — 1: 
We can substitute our expression for the vector potential into the above condition. Taking the Hankel 
transform of both sides of the resulting equation, we arrive at solutions for .4(9, m) and the quantities 
( 6 )  
g-Qn-rnll-mlj 
In order to write the aforesaid solutions explicitly, we introduce two functions: 
J [ q )  = (1 + 2/9.\)sinh7s+ coshgs, (8 )  
5(9) = 2 [(I/9A) sinhgs + cosh 9s]. (9) 
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From these, we can construct the following set: 
k { q , n  > 0) = 
n = 0, 
l//(g), n = l, (10) 
"-!)]> " > 1-
In terms of the above quantities, 
and 
nr=o" ''•(9'"»-?)' 0<n<m-l, 
1, n  =  m ,  ( 1 1 )  
r i p J ™ " ' ~  1  - ' " - P ) '  m + l < n < ^ V - l ,  
,, <i>o sinh?5 2-
n q i \ \ g [ q ) - h { q , N  ~ \ - m ) - h { q , m ) ] '  
Aside from s and A, there is another important length in the problem. This is the effective penetra­
tion depth A|| for the decay of fields induced by currents flowing parallel to the layers. This is defined 
by A|| = s\^/d. It follows from this definition that [8] 
A = 2Ajj/5. (13) 
We assign values to s and A|| that are characteristic of one of the high-temperature superconductors. 
(The validity of the above results are, nevertheless, not confined to such values.) In Bi-2212, we typically 
have s ss 15 A and A|| fa 2500 A (which is about 1675). These put the value of A at approximately 
8.3 X 10^.4 or 5.6 x 10''s at temperatures close to T = 0. 
Although the model described above puts no restriction on the number of layers that can be con­
sidered, we shall limit our present investigation to stacks with thicknesses of about A|| or less. The 
thicknesses of high-temperature superconducting thin films are often less than 200 layers. 
Coupling Force Between 2D Pancake Lattices 
Assume that a magnetic field applied perpendicular to the layers gives rise to a 2D pancake lattice 
in each layer. At equilibrium, all these lattices are in perfect registry along the c direction (i.e., the 
pancakes form vertical stacks.) The average flux density B is equal to <i>o/A, where A is the area of a 
lattice unit cell. 
Let us now pick two such lattices, one in layer i  and the other in layer j  ^  i .  From equilibrium, 
suppose that the lattice in layer j is then displaced without any rotation relative to the lattice in layer 
/. Denote this displacement by dj. What is the coupling force between two such pancake lattices? 
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To answer the above question, let us first focus our attention on one pancake from each of the 
two layers. Choose the - eixis to be the cixis of the pancake in layer i so that the other pancake has 
coordinates tj = (Pjtfj)- Let K(rj,;,i) be the sheet current density generated by the pancake in layer 
j at the position of the pancake in layer i. The force exerted on the latter by the former pancake is 
F ( r j ,  j ,  i )  =  K ( r j ,  j ,  i ) x  ( 4 > „ / c ) z  ( 1 4 )  
for a magnetic field in the +r direction. Using the results obtained in the previous section, we find that 
the above equation can be written as 
P(r,-.y, i )  =  d q  C { q , j ,  i ) ,  (15) 
where p ( i p j )  = i  c o s f j  +  j  sin^sj and 
rin a - sinhgsZ(?,»,j) 
~ / \ L/ hr 1  • \  L f ' A *  1  ai l )  -  N - l - j ) -  h { q , j )  
Note that Z { q , i , j )  = in Eq. (16). F(rj,j,i) is an attractive force that tends to bring the 
two pancake vortices into alignment. This can be shown explicitly when p  A|| and 0 < |i —  j \ s  <C A|[, 
for which Eq. (15) reduces to 
,  ( IT)  
with the unit vector p[<pj) pointing from the c axis (passing through the center of pancake i )  to the 
v e r t i c a l  a x i s  t h r o u g h  t h e  c e n t e r  o f  p a n c a k e  j .  
Analogous to the approach taken in [31, 32, 33], we then write the coupling force on a pancake in 
layer i due to its interaction with the vortex lattice in layer j as a sum over reciprocal lattice vectors g: 
F c ( d j J ,  i )  =  \ Y ,  G(g,J.i)e''8 ''^ (18) 
g5^0 
The vector G(g, j, /) in the above equation is the 2D Fourier transform of F ( r , j ,  i ) :  
G { g J J ]  =  J  ( f - r e - 8  ' - F ( r , i , f ) .  
We can evaluate G explicitly with the aid of Eq. (15). This evaluation yields 
(19) 
= (20) 
7rA- g-^ 
with g denoting the magnitude of g. Observe that G(—g,j,/) = —G(g,j, i). Therefore. 
F c ( d j , j , 0  =  2  ^  ^C { g J , i )  s i n ( g  d j ) .  (21) 
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The above result is particularly convenient for the case of high magnetic fields (i.e., fields in the order 
of a tesla.) For this case, only a few reciprocal lattice vectors are needed to obtain a good appro.ximate 
value for the coupling force. 
The opposite limit is the case of very weak magnetic fields and displacements d j  that are much 
smaller than the nearest-neighbor distance of the pancake lattices. One can show from the above 
results that 
Hm Fc(dj,y,i) = F(dj,y,i"). (22) 
The coupling force thereby reduces to a pairwise interaction between pancake vortices. 
Transport Currents at the Top sind Bottom Layers 
Consider the special case when the 2D pancake lattices discussed in the previous section are perfect 
triangular lattices. Let a denote the nearest-neighbor distance in each lattice. The area .4 of a unit-cell 
parallelogram is therefore equal to a-\/3/2. At equilibrium with a perpendicular magnetic field, we had 
noted that the pancake lattices in the different layers will all be in perfect registry with one another. 
But suppose we apply equal but oppositely directed sheet currents to the top and bottom layers. 
Lorentz forces arising from these currents will then move the top and bottom pancake lattices from their 
equilibrium positions. We shall only consider currents that preserve the original orientations of both 
top and bottom lattices. Such displacements will then cause the other lattices in the interior layers to 
move, keeping their orientations unchanged. If the magnitude of the applied currents is not too large, 
then all the lattices in the different layers will inevitably stop moving as they relax to new positions. 
In these new locations, the net force on any of the lattices will once again be zero. 
For convenience, let us restrict the present discussion to an odd number of layers. Let M  be a 
positive integer, such that the total number N of superconducting layers is equal to 2M + 1. 
Let us also restrict our attention to a set of N pancakes whose equilibrium positions are aligned 
along the direction perpendicular to the layers. Choose the a.\is of this stack of pancakes as the r axis. 
.A.S before, we take the bottom layer to be the plane 2 = 0. 
For simplicity, assume that all lattice displacements occur only along a certain nearest-neighbor 
direction. Choose the x a.Kis to be along this direction. This corresponds to making the transport 
currents at the top and bottom layers flow parallel to the y axis. Refer to the y components of 
the surface current densities in the top and bottom layers as and Ay"', respectively, such that 
A-^op = -A-^<". (See Fig. 2.) 
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B Field 
+ z 
n  =  4  
n  =  3  
n  =  2  
+ .r 
n  =  0  
Figure 2 2D triangular pancake lattices in a finite stack of thin superconduct­
ing films with equal but oppositely directed transport currents flowing 
in the top and bottom layers. For simplicity, only the case of five lay­
ers is illustrated. The 2D pancake lattices in the different layers are 
assumed to interact with each other only via magnetic coupling. The 
y components of the surface current densities in the top and bottom 
layers are and respectively, with Ky°'' = — Pancakes 
drawn in solid lines correspond to the case when no sheet currents 
are applied. The pancakes outlined in dashed lines correspond to a 
force-balanced configuration associated with nonzero and Ky°'. 
By symmetry, the pancakes in the central layer n = 2 are unaffected 
by equal but oppositely directed surface currents in the top and bot­
tom layers. The z axis goes through five pancakes whose equilibrium 
positions lie along a common vertical. A sketch of these same five 
pancakes is shown with the top and bottom surface currents turned on 
(their resulting force-balanced positions connected by dashed lines) 
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In order to compute the final displacements of the pancakes described above, it is convenient to begin 
by displacing the top and bottom lattices to new positions xjv-i and jto, respectively, with i,v-i = —•co-
Keeping these lattices fixed to their new positions, we then allow the lattices in the interior layers to 
relcix until the full force-balanced configuration of pancakes is established. 
Let X i  be the x  coordinate of the pancake in layer i .  If we neglect terms involving the 2D pancake 
mass, we arrive at the following force balance equations for pancake lattices in the interior layers: for 
l < i < N  - 2 ,  
X I  P c x ( x j  -  X i ,  J ,  i )  =  r ] X i .  (23) 
Summation symbols like indicate that we exclude j  =  i  from the summation range 0 < j < iV — I. 
Fcx is the component of Fc along the nearest-neighbor axis and rj is the viscous drag coefficient. Finally, 
Xi is the time derivative of x,-. 
As the system approaches its final force-balanced configuration, all lattice motions in the interior 
layers cease: 
lim Xi = 0 (24) 
for I  < i  < N  —2. To obtain the final displacements of the N  —  2  pancake lattices in the interior layers, 
we must therefore solve the N — 2 equations in Eq. (23) self-consistently, subject to the N — 2 boundary 
conditions in Eq. (24). Actually, we can reduce this problem to M — I equations in M — I unknowns 
since, by symmetry, xm = 0 for all time and x-xM-i = —Xi for 0 <i < M — 1. 
The equations that determine the force balance on the top and bottom vortex lattices are as follows: 
for the bottom layer, i = 0, 
Yi F,,(xj - xo, J, 0) = (25) 
j^o 
for the top layer, i  =  N  —  I ,  
F c r i x j  -  X M - U h  N - \ )  =  (26) 
In other words, for the top and bottom pancake lattices, the Lorentz force produced by either Ky"^ or 
Ky°^ is exactly balanced by the coupling forces due to the pancake lattices in the other layers. Having 
self-consistently calculated the final displacements of the interior pancake lattices, we can then use 
either Eq. (25) or Eq. (26) to solve for the applied surface current densities flowing in the outermost 
layers. (Recall that I\y°f — -/v^°'.) 
The full numerical solution to the problem outlined above and other related results are discussed in 
the next section. 
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Numerical Results and Discussion 
In many of the succeeding figures, we express surface current densities in units of c<f>o/\'- For 
s 15 A and A w 5.6 x 10'' s, this unit is approximately 30 mA/cm. 
Figure 3 shows plots of /ty'", the y  component of the surface current density in the bottom layer, as a 
function of the bottom lattice displacement xq relative to equilibrium. The magnetic field perpendicular 
to the layers is 0.1 T . This is equivalent to having a pancake lattice spacing a of about 103 s. The range 
of values for xq spans half the lattice spacing. The curves can be extended antisymmetrically about 
Xq = a/2 to cover the full periodic interval [0,a]. Plots corresponding to 3, 5, 11, 51, 101, and 151 
layers are given. Recall that the value of A|| is taken to be about 167 s for Bi-2212; hence, the values of 
N considered range from around 2-91% of the value of A||. 
When the applied currents are small, the lattices are able to rearrange themselves so that the forces 
on the top and bottom pancakes arising from these currents are cancelled by the forces exerted by the 
lattices in the interior. But as every curve in Fig. 3 clearly shows, there is a maximum surface current 
density, the decoupling surface current density Kj, above which the interior pancakes are unable to 
generate forces on the top and bottom lattices that cancel the forces due to the applied currents. The 
sections of the curves for which versus xo have negative slopes (dashed) correspond to unstable 
force-balanced configurations of pancake lattices. 
Figure 4 shows a few stable configurations for the N  = 101 case in Fig. 3. Notice that the scales used 
for the X and ; axes are different. For brevity, only one pancake from each layer is shown; these pancakes 
would form a straight stack along the direction in the absence of the applied currents. The stack 
with the largest bottom lattice displacement along i approximately corresponds to the configuration 
at maximum surface current density for 101 layers in a 0.1 T perpendicular field. 
What is immediately striking about Fig. 4 is how far the top and bottom lattices are displaced, 
compared with the relatively small displacements of the interior lattices. If the x and ; axes were 
identically scaled, the pancakes in the interior layers would appear almost vertically aligned, while the 
top and bottom pancakes would look quite dissociated from the rest of the stack. Note, however, that 
the top and bottom pancakes are not really dissociated since they are still magnetically coupled to the 
pancakes in the interior. 
Figure 5 shows semilog plots of the decoupling surface current density Kj as a function of the 
magnitude of the magnetic field applied perpendicular to 101 superconducting layers. The range of 
field values represented is between OT and 1.0 T. For greater detail, we have included an e.xpanded view 
of that portion of the curve close to the zero-field limit. 
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The decoupling surface current density Kd decreases monotonically with increasing field throughout 
the entire range represented. Whereas the current density at 0.001 T is a significant 77% of the zero-
field value, the current density at 0.1 T is only around 15%. At LOT, the decoupling current density is 
reduced to 4% of its value at zero field. 
Finally, Fig. 6 gives plots of the decoupling surface current density as a function of Ns. Curves for 
S = OT, 0.01 T, and 0.10T perpendicular fields are shown. The last two fields correspond to values for 
a of approximately 326 s and 103 s, respectively. 
As illustrated quite clearly by the three curves in Fig. 6, the decoupling surface current density Kd 
for a given perpendicular field B approaches a saturation value as the number of layers is increased. 
Moreover, this saturation current density increases with decreasing field before it finally approaches a 
constant value in the zero-field limit. 
For what range of iVs values is saturation achieved for a given perpendicular magnetic field? For 
the zero-field curve (a —¥ oo) in Fig. 6, we see that this saturation is reached for Ns ~ (9(A||). This 
can be understood as follows. In [8], it was shown that a pancake in one layer of an infinite stack is 
effectively screened by the neighboring layers within a distance of A||. Now, consider a finite stack of 
pancakes, one to each superconducting layer. If the number of layers e.xceeds 2A||/s, we e.xpect that the 
pancakes deep in the interior will have no interaction with the top and bottom pancakes. The top or 
bottom pancake cannot couple to an interior pancake corresponding to a certain layer if that layer is 
at a distance greater than A||. 
The situation described above is certainly valid for low perpendicular magnetic fields. But what 
happens at high enough fields, such that the 2D lattice constant a is smaller than A||? For the case of 
a -+ 00, each layer has at most one pancake that can interact with a top or bottom pancake; but if 
a < A||, this is no longer true. 
.\s an illustration, consider a pancake belonging to the lattice in the top layer. If a  is significantly 
smaller than A||, a sizable number of pancakes in the layer directly below the uppermost lattice will 
be within a distance A|| from the top pancake. This is also true for a successively smaller number of 
interior pancakes as one continues on to the layers further down the stack. 
Thus, we would expect the strongest coupling with a pancake in the uppermost lattice to come 
from pancakes belonging to layers a distance less than A|| from the top. But how much less than A||? 
Although the situation is quite complicated, the two curves in Fig. 5 for the case of a < A|| show that 
this distance is 0(a). 
Order of magnitude estimates can be obtained analytically if, to lowest order, we ignore the effects 
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arising from the finite thickness of the superconducting stack. The case of infinite thickness has been 
worked out in [8]; suppose that we use the results obtained from this calculation to approximate the 
interaction between 2D pancake lattices for a finite stcick of superconducting layers. To further simplify 
matters, we assume that all the interior pancake lattices are in perfect registry for all values of top and 
bottom lattice displacements. From what has been discussed in connection with Fig. 3, we see that the 
last assumption is a reasonable approximation. 
Let us apply the above approximation to the zero-field limit. In this limit, we have argued that 
the characteristic thickness for which the value of Kd saturates is of the order of A||. For relatively 
thin samples, {N — l)s A||, this approximation yields Kd ~ (c(^<,/47r-A-)(iV — 1), whereas for the 
case of relatively thick samples, [N — l)s » A||, it yields Kd ~ (c<^<,/4x-A-)(A||/s). With 11 layers 
and A|| fa 167 s, the former estimate gives a value of about 7.5 mA/cm, which is comparable with the 
numerically computed value of appro.ximately 6.9 mA/cm. The latter estimate for the same value of 
A|| is about 126 mA/cm, which is slightly over twice the numerically calculated value of appro.ximately 
60 mA/cm. 
For finite values of 6, we can argue, using the same approximation, that a\/3/4jr ~ 0.14 a is 
the characteristic thickness for which the value of Kd saturates. Moreover, we can show that Kd ~ 
(c(po/47r-A-)(iV — 1) when Ns < 0.14a, and Kd ~ (c0o/47r-A")(0.14a/s) when Ms > 0.14a. Assume 
a 0.1 T field corresponding to a « 103 s. The first estimate, valid for relatively thin samples, equals 
approximately 1.5 mA/cm for 3 layers and A|| fa 167 s. This is fairly close to the numerically computed 
value of 1.0 mA/cm. The second estimate, involving relatively thick samples, is about 11 mA/cm for 
the same value of A||. The corresponding value obtained numerically is approximately 6 mA/cm. 
Summary 
In this paper, we studied the magnetic coupling between 2D pancake vortices in a stack of N  
superconducting films. The effects of Josephson coupling, thermal fluctuations, and pinning were not 
taken into account. We considered a pair of 2D pancake vortex lattices residing in different layers, 
both having the same structure and orientation, and displaced relative to each other. .A.n analytical 
expression was obtained for the coupling force on a pancake in one lattice due to its interaction with the 
pancakes in the other vorte.x lattice. Assuming perfect 2D triangular pancake lattices in each layer, we 
investigated the case when equal but oppositely directed surface current densities were applied to the 
top and bottom layers. For simplicity, the surface current directions were chosen such that all lattice 
displacements were along one nearest-neighbor direction. The results were as follows. 
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If the magnitude of the applied surface current densities was set above a certain value Kd, then the 
top and bottom 2D pancake lattices decoupled from the rest. Below the decoupling surface current 
density Kd, stacks of 2D pancake vortices formed. These stacks did not form uniformly tilted lines. 
Instead, the displacements of the top and bottom pancakes were shown to be large compared with those 
of the interior pancakes. 
For fixed N ,  the decoupling surface current density decreased as B  was increased (i.e., as the 2D 
pancake lattice constant a was decreased.) For fixed B, the decoupling surface current density initially 
increased with increasing N, and then attained a saturation value. If a < A||, this saturation occured 
when Ns ~ 0(a). If a > A||, saturation was achieved for Ns ~ 0(A||). 
An immediate extension of our approach is the study of the dynamics of the pancake lattices in 
Josephson-decoupled layers with uniform pinning, in the presence of a transport current in one of the 
outermost layers [41]. This extension is relevant to dc flux transformer experiments done on high-Tc 
superconductors, a few of which we have already mentioned in the Introduction. With our approach, 
theoretical V-I curves can be computed [41], and these can then be compared with experimental data 
to test the validity and limitations of our model. 
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Abstract 
We consider two-dimensional (2D) pancake vortices in a stack of jV Josephson-decoupled super­
conducting films in an applied magnetic induction perpendicular to the layers and transport current 
applied to the top layer. We assume that the pancake vortices in every layer form lattices that have 
the same structure and are not rotated relative to each other, though we do not require them to be 
in perfect registry with one another. Current-voltage characteristics are calculated, corresponding to 
voltage-measuring circuits attached to the top and bottom layers. The effects of both zero and nonzero 
uniform pinning are investigated. For small currents, the pancake lattices either remain pinned or move 
with the same fixed velocity. But when the surface current density in the top layer exceeds a certain 
value, the calculated top and bottom voltages become different from each other. We then investigate the 
dependence of this decoupling surface current density on the applied magnetic induction, the pinning 
s t r e n g t h ,  a n d  t h e  t o t a l  n u m b e r  o f  l a y e r s  N .  
Introduction 
The layered structure of the high-Tc cuprate superconductors has raised interesting questions as 
to the nature and properties of the vortices observed in these materials in the mixed phase. Detailed 
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studies [8, 20, 21, 22, 23] starting from the well-known model proposed by Lawrence and Doniach 
[7, 17, 18. 19] have suggested that vortices in these layered superconductors may be modeled in terms of 
intralayer two-dimensional (2D) pancake vortices connected by interlayer Josephson strings. A simpler 
but very useful approach has also been considered in the literature [8, 20, 21, 26, 27], whereby the 
weak interlayer Josephson coupling is neglected and the layered superconductor is treated as a stack 
of parallel superconducting thin films with pancake vortices in different layers interacting solely via 
magnetic coupling. This model has been applied to a wide variety of subjects, such as studies that 
concern vorte.x-Iattice melting at low fields [24, 25], attractive long-range vortex-vortex interaction [42], 
vortex interaction with defects [43], and the interaction with surfaces [44]. 
In a recent paper [45], we presented a detailed study of the magnetic coupling between 2D pancake 
vortices in a stack of N superconducting thin films, where the full discreteness of the layered structure 
was taken into account but no thermal fluctuations were incorporated. Our present aim is to extend 
that approach to the study of the dynamics of pancake vortices in a finite stack of Josephson-decoupled 
layers when a magnetic field is applied perpendicular to the layers and when transport current flows 
only in one of the two outermost layers. 
When there is no Josephson coupling between the superconducting layers, transport current injected 
into, say, the top layer remains confined to that layer, and only the top pancake vortices feel a Lorentz 
force associated with this applied current. The Lorentz force will tend to move the top pancake vortices, 
and this motion will then be opposed by the forces associated with viscous drag, pinning, and the 
magnetic coupling between the top pancake vortices and those in the lower superconducting layers. 
Likewise, a pancake in any of the lower layers will move if the net magnetic interaction force acting on 
it balances or becomes greater than the opposing intralayer viscous drag and pinning forces. 
In type-II superconductors, vortex motion leads to the appearance of a flux-flow voltage [46]. For 
the high-Tc materials, voltages arising from the motion of vortices in the superconducting planes can be 
directly measured by attaching properly configured voltage-measuring circuits to the outermost layers. 
A theory for two magnetically coupled superconducting layers of finite thickness had been developed [33] 
and the corresponding current-voltage characteristics had been calculated [31]. The model calculations 
considered perfectly triangular 2D pancake vortex lattices that have identical lattice structures but can 
be displaced, though not rotated, relative to each other. Moreover, the calculations were made under 
the simplifying assumption that pinning in the superconducting layers was uniform. Nevertheless, 
they were found to be in excellent agreement with the results of early dc flux-transformer experiments 
[30, 32]. This close agreement between theory and experiment has motivated us to consider in our 
24 
present calculations not only the case of zero pinning, but also that of nonzero uniform pinning in 
N > 2 magnetically coupled thin films. Numerous experiments on the correlation of vortex motion in 
the high-Tc superconductors have already been done [34, 35, 36, 37, 38, 39, 47]. Within the limitations 
of our proposed model, we shall attempt in this paper to understand certain aspects of 2D pancake 
vortex dynamics in a stack of Josephson-decoupled layers that are relevant to current experimental 
investigations. 
Force-balanced Equations 
We consider a stack of N  Josephson-decoupled superconducting thin films with interlayer spacing 
s and assume that the thickness d of each superconducting film is much less than each film's bulk 
penetration depth A,. The effective penetration depth for the decay of fields induced by currents 
flowing parallel to the layers is defined [40] via A|^ = (s/t/)A^. The 2D screening length A can then be 
written [8] as either 2A|^/s or 2X1/d, some papers in the literature omitting the factor of 2. 
We neglect the effects of thermal fluctuations and assume that, if we apply a magnetic induction 
B perpendicular to the layers, perfect 2D triangular lattices of pancake vortices form in the supercon­
ducting layers, as sketched in Fig. 1. Let a denote the nearest-neighbor distance between pancakes in 
each layer. At equilibrium with the applied field, the 2D pancake lattices are all in perfect registry. 
We choose the ; a.xis to coincide with a vertical stack of 2D pancake vortices, such that the bottom 
layer is at r = 0 while the top layer lies at ; = (A'' — l)s. Moreover, we choose the x axis to lie along 
a nearest-neighbor direction of the pancake lattices. The 2D real lattice vectors in each layer can be 
written as [31] 
where x and y are the unit vectors along x and j/, and /i and I2 take on all integer values. The 
corresponding reciprocal lattice vectors are [31] 
with gi and g2 spanning all integers. 
Now, suppose that we apply a constant surface current density y Ky°^ to the top layer at time 
t = 0 and neglect vortex pinning. Because of the combined action of Ky°^ and the interlayer magnetic 
coupling, the 2D pancake lattices in the different layers will move in the x direction, away from their 
equilibrium positions. (Refer to Fig. 1 for the case of five superconducting layers.) Let x, (<) denote the 
\ = a [ i ( / i  - 1 - / 2 / 2 ) + y x / 3 / 2 / 2 ]  ,  (27) 
g = (27r/a) [xgi-t-j/(2g2-gi)/\/3 (28) 
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Figure 1 A stack of five Josephson-decoupled superconducting layers with a 
surface current density Ky°'' flowing in the top layer and a magnetic 
field B applied perpendicular to the layers. Each layer contains a 
perfect triangular 2D pancake vortex lattice with nearest-neighbor 
distance a. The pancakes drawn in solid lines correspond to when 
= 0, so that the lattices are in perfect registry. Under the 
influence of Ky"'' and the interlayer magnetic coupling between pan­
cakes, the lattices move away from their equilibrium positions. Such 
a situation is illustrated by the pancake lattices drawn in dashed lines 
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displacement from equilibrium of the pancake lattice in layer i  at time t .  When t  =  0 ,  a:,(0) = 0 in all 
layers, 0 < i < AT — 1. 
The balance of forces for a vortex in the 2D pancake lattice in layer i  for < > 0 is given by the 
following equation: 
J?F c x i x j  -  X { , j ,  i )  +  ^  K y " ' '  , (29) 
where t] is the viscous drag coefficient, i,- is the time derivative of i,-, <j)o is the flux quantum hcl'2e, and 
is a Kronecker delta. We assume overdamped vortex dynamics, so that we can neglect the term 
in the equation of motion involving the 2D pancake vortex inertial mass. The summation symbol 
means that i is excluded from a sum over j from 0 to jV — 1. Fa is the x component of the magnetic 
coupling force e.xerted by the 20 pancake lattice in layer j on any pancake belonging to the lattice in 
l a y e r  i .  
We can write Fcx in the following form [45]: 
Fcxixj -  X i , j ,  i )  = ^ Y ^ ( S r J '  0 sin[gr ( x j  -  r.) ]; 
g and gx denote the magnitude and the x  component of g, respectively, and 
_ sinh q s Z [ q , i , i )  
^  g { q ) - h [ q , N - l - j ) - h { q , j y  
The function g  in the above expression is given by 
5(9) = 2[(l/9A)sinh9s + coshgs]. 
We define a function /: 
H i )  = (1 + 2/9A)sinhgs + coshgs. 
.\s in [45], the functions h  and Z  that appear in (31) can be constructed using / and g :  
e-9', n = 0, 
(30) 
(31)  
(32) 
(33) 
h [ q ,  n > 0)  =  !//(?), n = 1, (34) 
Z { q ,  71, m) = < 
nr=o" h(q,m-p), 
I, 
0 < n < m -  1, 
n  =  m .  (35) 
nL" ^ h{q,N - I -  m~ p), m+l<n<N-l. 
In the presence of uniform pinning of the pancake vortices in all the superconducting layers. Eq. 
(29) is replaced by 
4>c 
l X i  =  Y ^  F c x { x j  -  X i J , i )  +  ^  Ay''P(5.-,,v-i +  F p i .  (36) 
27 
Let A'c denote the magnitude of the critical depinning sheet current density in any of the superconduct­
ing layers. Whenever the sum of the first two terms on the right-hand side of Eq. (36) is greater than 
the maximum magnitude of the pinning force on a pancake vortex, <;6oA'c/c, we have Fp, = —OoA'c/c, 
and when this sum is less than —0oA'c/c, we have Fpi = +4>oKclc. However, when the magnitude of 
the sum of the first two terms on the right-hand side is less than 0<,A'c/c, the pinning force Fp, exactly 
balances the other two terms, such that both sides of Eq. (36) are zero, and the vortices in layer i are 
immobilized. 
The resulting set of N  force-balanced equations (i.e., one equation for each layer) can be integrated 
numerically so as to yield the displacements from equilibrium of all the N pancake lattices at < > 0. 
From these solutions, one can then calculate the corresponding lattice velocities. We discuss in the 
next section the relation between these velocities and the time-averaged voltages measured in dc flux 
transformer experiments. 
Flux-Flow Voltage 
Suppose we attach two voltage-measuring circuits to the stack of superconducting thin films de­
scribed above, with a transport current density Ky°^ flowing in the top layer, and a magnetic field 
applied parallel to the films. Each of these circuits consists of low-resistance leads connecting the spec­
imen to the terminals of a sensitive high-impedance voltmeter. Let the contacts ai and 5i of one of 
these circuits be situated on the top layer, with corresponding voltmeter terminals and 62. .A.s for the 
other circuit, let its contact points ci and d\ be on the bottom layer, connected to voltmeter terminals 
cn and cfo. (See Fig. 2.) For simplicity, we assume that the line segments ai6i and cit/i are parallel to 
the y axis. The equations relating the motion of vortices with the voltages that are measured b\' such 
circuits have been treated extensively in [46]. 
Let us define time-averaged voltages per unit distance between contacts, Vtop and V'tot corresponding 
to the top and bottom voltage-measuring circuits. Two flux-flow regimes are possible, depending on 
the value of Ky"^. For small values and sufficiently low pinning, the 2D pancake lattices remain 
magnetically coupled to each other, so that the steady-state velocities of the pancake lattices are the 
same and constant in time. In this regime, 
77 T7 •^ot'ro tn~\  
^ top — ^ bot — A 1 (3') 
c A  
where Vj-o is the terminal velocity component of the 2D lattices and .4 is the area of a lattice unit cell. 
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Figure 2 Two voltage-measuring circuits in a layered superconductor, mod­
eled as a stack of Josephson-decoupled superconducting layers. 
Each circuit consists of a high-impedance voltmeter connected by 
low-resistance leads to contact points on the sample. The leads of 
one circuit connects voltmeter terminals ao and 63 to points ai and 
61 on the top layer. The other circuit has contacts ci and di on the 
botton layer connected to terminals ct and (fo. For simplicity, the 
line segments aibi and cidi are chosen to be parallel to the t/ axis. 
The measured time-averaged voltages per unit length along the top 
and bottom layers are Vtop and Vbot, respectively 
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Once \Ky''^\ exceeds a certain decoupling surface current density of magnitude A'j, however, the 
vortices in the top layer periodically slip relative to the vortices in the other layers. Consequently, 
the steady-state dynamics of the 2D pancake lattices can no longer be described by a single constant 
velocity. Instead, one finds that the velocities of all the 2D lattices are periodic in time, with a common 
period T. This follows from our having assumed that each 2D pancake lattice moves as a whole, with 
the nearest-neighbor distance a unchanged in time. Moreover, we see from Eq. (30) that the coupling 
force between any two pancake lattices in the stack is periodic in the relative displacement between the 
lattices, with a period equal to a. One can show that in this regime, 
We therefore can compute Vtop and for different values of Ky°^ and A'c from the numerical 
solutions to the force-balanced equations discussed in the previous section. However, an accurate 
determination of the value of the decoupling surface current density is still in order. .-Vn effective 
method for solving for this decoupling current density is discussed in the next section. 
Decoupling Surface Current Density 
We begin by taking the simple case when A'c = 0. Prior to switching on the flow of transport current 
Ky"^ in the top layer, the 2D pancake vortex lattices in the different layers are assumed to be in perfect 
registry. When a sufficiently small value of Ky°^ is turned on at t = 0, these 2D pancake lattices remain 
magnetically coupled, so that all of them eventually move with a constant velocity component v^o ^ 0. 
We zissume that at < = 0, all pancake lattice displacements ar,- are zero. It is convenient to choose a 
coordinate frame where the the displacements x,- are transformed into new displacements A',-, such that 
for 0 < ! < iV — 1. We then refer back to Eq. (29). In terms of the displacements A',-, the force-balanced 
equations for the pancake lattices below the top layer have the form 
_  ^  [ i j v - i ( <  +  T )  -  x / y - i ( < ) ]  
~  C . 4  T  
_ <f>0 [3:o(<-l-r) -io(<)] 
~  T  
(38) 
(39) 
X i ( t )  =  X i ( t )  -1- Vrot, (40) 
(41) 
where 0 < / < iV — 2. As for the top pancake lattice, we have 
(42) 
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A number of conditions must then be imposed on Eqs. (41) and (42). First of all, we note that for any 
layer i. A', —»• 0 as < -+ oo because i,- goes to Vro- This tells us that Xi must become constant in 
time. Secondly, ^cx(X ,• — X i , j ,  i) must be zero by Newton's third law. By applying these 
conditions directly to Eqs. (41) and (42), we obtain the following useful relation: 
= ^ — (43) 
N  c  "  
which holds so long as is not sufficient to magnetically decouple the 2D pancake vortices in the 
different layers. What Eq. (43) tells us is that the magnetic interactions create a balance of forces 
such that when all vortices move with a common velocity component Vj;o in the absence of pinning, 
the Lorentz force <i>oKl°^/c on any pancake vortex in the top layer divides equally among the N 
superconducting layers in order to balance the viscous drag force —rj v^o on a vortex in any layer. 
Let us suppose that .Y^v-i is fixed at some value for all time, and that the remaining displacements 
.\'o,..., A'.V-2 are allowed to evolve in time from some appropriate starting values to the values cor­
responding to a force-balanced configuration of vortices. If denotes the starting time, we can, for 
instance, choose Xi{to) = —Xi\-i(to)/{N - 1) for all i in the range 0 < i < jV — 2, having assumed 
t h a t  X i [ i )  =  0  w h e n  t  >  t o .  
Taking the above approach, it follows from Eqs. (41), (42) and (43) that 
7 ] X i  =  Y ,  ^ c A X j  -  X i , j ,  i )  +  Y ,  -  - ^ > - 1 ' J '  -  1 )  ( 4 ^ )  
for 0  <  i  <  N  —  2, and 
The jV — 1 equations of the form given by Eq. (44) can be integrated numerically to arrive at solutions 
for A'o,.. •, A',V-2 that correspond to a given value of A'jV_i. These solutions can then be inserted into 
the sum over magnetic coupling forces on the right-hand side of Eq. (45) in order to determine the 
value of Ky"^. In this sense, we can say that each value of A",v-i corresponds to exactly one value of 
Rtop 
As it turns out, the range of \Ky°^\ values associated with all possible AV-i has an upper bound 
Kd- This means that if we apply a surface current density Ky°^ in the top layer that e.xceeds A'<i, 
then the magnetic coupling forces e.xerted on a pancake vortex in the top layer by any arrangement 
.Yq, ..., A'jV-2 of pancake lattices in the lower layers that satisfy Eq. (44) will be insufficient to balance 
the Lorentz force term (i)oKy°^/c. The pancake vortex lattice in the top layer is thus magnetically 
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decoupled from the other pancake lattices when Ky'^ > Kd\ for this reason, we designate A'^ as the 
decoupling surface current density. With the aid of Eq. (45), we can write 
VF„(|A'j-AVil,i,iV-l), (46) 
where the displacements A'g,..., A'jv_ j satisfy the — 1 force-balanced equations of the form given 
by Eq. (44) as well as ma.Kimize the magnitude of the net magnetic coupling force on any 2D pancake 
vortex in the top layer. 
Suppose we now include the effects of uniform pinning on the 2D pancake vortices in every super­
conducting layer. With Eq. (36) taking the place of Eq. (29) at the start of the above discussion, we 
see that the force-balanced equation for the pancake lattice in layer N — I has the form 
TjA'i =-r)Vco + ^Fcx{Xj - Xi,j,i) + Fpi, (47) 
j*i 
whereas the equation for the top layer is 
= -T,v,o -h - A',v-i,;,iV- 1) + ^ A'^op + Fp,v-i. (48) 
j^N-l 
Let all the conditions imposed on Eqs. (41) and (42) be also applied to Eqs. (47) and (48). Furthermore, 
let us add the extra condition that when Vxo ^ 0, the pinning force on a pancake vortex in any layer 
must equal ^<j>„ Kc/c, with the convention that the upper sign corresponds to Ky°^ > 0, and the lower 
one to A'y°P < 0. Thus, when all vortices move with the same constant nonzero velocity in the presence 
of uniform pinning, we have 
— (49) 
c N  c  "  
which indicates that the Lorentz force on any pancake vortex in the top layer divides equally among 
the N superconducting layers in order to balance the sum of the viscous drag and pinning forces on a 
vortex in any layer. 
As before, we can adopt the approach of fixing A'jv-i for all time and allowing A'o,..., A',v-2 to 
evolve in time from some appropriate starting values to those of a force-balanced configuration of 
vortices. Treating Eqs. (47), (48), and (49) in the same manner as we did with Eqs. (41), (42), and 
(43), we obtain once again Eqs. (44) and (45), suffering no modifications even though uniform pinning 
has now been included. This should not surprise us once we realize that uniform pinning becomes 
irrelevant when the pancake vortices have been brought to a final state where all of them are depinned 
and move at constant nonzero velocity. Hence, whether or not we have uniform pinning present, we 
arrive at exactly the same value of A'j that is needed to destroy constant nonzero motion in a system 
of pancake vortices by magnetically decoupling the top pancakes from the rest. 
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Eq. (49) also tells us that when all pancake vortices move with the same nonzero velocity, 
is always greater than Kc by an amount NcT]\vxo\/<i>o- In other words, a uniformly moving system of 
pancake vortices is possible only if NKc < < Kd- Vortex motion is suppressed as < oo when 
the value of falls between zero and some activation value. This activation value equals N K c  
when NKc < Kj, and is Kd if Kd < NKc- For Kd < lAy"''!, the pancake vortices in the top layer are 
obviously decoupled from the vortices in the other layers by virtue of the definition of the decoupling 
s u r f a c e  c u r r e n t  d e n s i t y  Kd-
Let us consider the limiting case when ir,- 0 as < —f oo for every layer i and for all |A'y°P| values 
ranging from zero up to Kd- We refer once again to Eq. (36). The force-balanced equations for the 
pancake vortex lattices below the top layer are of the form 
= Fcxixj -  Xi,j, i) + F p i ,  (.50) 
j^i 
with 0  <  i  <  N  —  2 -  The equation for the top pancake lattice (i = yV — 1) is 
r,iN-i= 5;^Fcx(^j-x;v-i,y,iV-l) + ^ A'^<'P + Fp,v-i. (51) 
Let us now fix the value of ijv-i in time and allow the remaining displacements to evolve. We can 
therefore use Eqs. (50) to solve numerically for iq, ...,a;jv-2 corresponding to the assumed time-
independent value of Zjv-i- Having calculated in this way for the displacements, we can apply them to 
Eq. (51) and note that ijv-i is zero for values of Ky"'' such that 
c c  "  c  
Using the above condition, we can write 
A-<, = A'e + ^ (53) 
such that Xo,...,r'Y_2 satisfy the force-balanced equations that derive from Eq. (51) and ma.ximize 
the magnitude of the net magnetic coupling force exerted on any pancake vortex in the top layer by all 
vortices in the other layers. 
Numerical Cedculations 
Let us choose values for the interlayer spacing s and the penetration depth A|| that are typical 
of the high-Tc superconductor BioSroCaCuoOx- Specifically, we set s and A|| to 1.5 x 10"' cm and 
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2.5 X 10~®cm, respectively. These values give A « 8.4 x 10~^cm, so that cdsg/X- m 30mA/cm. The 
latter quantity is a convenient unit for the different surface current densities under consideration. 
In Fig. 3, we show the characteristic time dependence of the top and bottom 2D pancake vortex 
lattice velocities xtop and Xbot in a stack of yV = 5 superconducting layers when the applied surface 
current density Ay"'' in the top layer exceeds the decoupling surface current density Kj. The magnetic 
induction B directed perpendicular to the layers is assumed to be 1.0 x 10"^ T, whereas Ky°'' is set 
to 9.0 X lO~-c0<,/A-. Although the full value of is instantaneously introduced in the numerical 
calculations at the initial time t = 0, both Xtop and Xbot are practically periodic after an elapsed time 
interval of the order of the steady-state period. 
Plots are given for values of the critical surface current density A'c of a single layer equal to 0 and 
5.0 X lO~^c0o/A". Numerical calculations show that even though A'c is not zero in the latter case, the 
corresponding value of A'd is equal to that obtained in the former case that involves no pinning. This 
value, which we denote as Kdo, is approximately 7.48 x 10~-As discussed in the last section, 
the reason for this is that, although Kc is zero in one and nonzero in the other, the values of Nh'c for 
both cases fall below the value of A'^o. 
The nonconstant, essentially periodic behavior of itop and Xbot in time agrees with the conclusions 
drawn in the previous section for NKc < Kd < lAy®**!. It is also clear from this figure that xtop (i-e., 
the pancake lattice velocity in the layer where all of the transport current flows) has a larger time-
averaged value and a greater variance compared to Xbot- The more complicated profile of the latter 
when A'c = 5.0 x 10~^ci?i(,/A" is also worth noting. Aside from those regions where the bottom pancake 
lattice is immobihzed by pinning, we also observe time intervals wherein the direction of lattice motion 
is reversed. This reversal, which can also be observed in the bottom curve corresponding to A'c = 0, is 
entirely due to the assumption of perfect spatial periodicity for the pancake lattices at all times and to 
the attractive nature of the interaction between two such lattices belonging to different layers. 
Figures 4 and 5 illustrate the A'c dependence of the time-averaged voltages per unit length, I'top 
and Vbot, corresponding to the top and bottom voltage-measuring circuits shown in Fig. 2. Figure 4 
assumes N = 5 superconducting layers, whereas there are N = 50 layers considered in Fig. 5. The 
applied magnetic induction B is set to 1.0 x 10"^ T in these two figures. Both of them also consider 
the special case when A'c = 0, along with the following nonzero values of Kc'- 5.0 x 10"^, 1.0 x 10"-, 
1.5 X 10"-, and 2.0 x 10"" c^o/A" for Fig. 4, and 2.6 x 10"^, 3.2x 10~^, 3.84 x 10"^, and 2.0x 10~- c0o/A" 
for Fig. 5. As the plots clearly illustrate, V'top and Vbot coincide when A'^'p is small, but break up into 
two distinct branches when Ky°'' e.xceeds a certain value which is, by definition, A'j. 
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Figure 3 Velocities Xtop and i^ot of the top and bottom pancake vortex lattices 
as a function of time t for values of the critical surface current density 
A'c of a single layer equal to 0 and 5.0 x 10"^ c(j>o/A.'. The number N 
of superconducting layers is 5 and the value of the magnetic induction 
B applied perpendicular to the layers is 1.0 x 10"' T. For the high-31; 
superconductor BioSroCaCuoOx, we can assume a penetration depth 
A|| of 2.5 X 10"^ cm, and an interlayer spacing s of 1.5 x 10~"cm. 
The applied surface current density in the top layer is an input 
parameter set to 9.0 x 10~-C(jio/A". Note that even for the nonzero 
A'c value considered, Kd = Ajo, where Ka denotes the decoupling 
surface current density and Kjo is the value of Kd in the absence of 
pinning (with a computed value of 7.5 x lO~"c0o/A" for the above 
parameter values.) This is because the nonzero value of iVA'c in this 
case remains less than Kdo- Also note that A'j < Ky°^ for the two 
cases of A'c considered. This is consistent with the nonconstant ve­
locities obtained for the top and bottom pancake lattices. In these 
calculations, Ky°^ is introduced instantaneously at < = 0. Neverthe­
less, Xtop and Xbot assume cyclic profiles within a few periods after 
the said current is introduced 
I ' I ' 1 ' 1 
B=1.0xl0-'T 
A'^<'P = 9.0x 1O-2C0<,/A2 
A|| = 2.5 X 10~®cm 
^V = 5 
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A'c = 0, Kdo = 7.5 X IQ~-c<i)o/A~ 
Ac = 5.0 X Kd = Kdo 
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35 
0.50 
S = 1.0 X 10-1 T 
A|| = 2.5 X 10"® cm 
N  =  b  
s = 1.5 X 10 "cm 
0.45 
0.40 
0.35 5.0 X lO-^c<Po/^-
1.0 X 10--c«i<,/A- top 
1.5 X 10-2 c^o /A^  
2.0 X 10--c(j)of A.- \ \  
0.30 
0.25 
0.20 
O 
0.15 
0.10 bottom 
0.05 
0.00 
-0.01 
0.08 0.10 0.02 0.06 
O 
Figure 4 Time-averaged voltages per unit length, Vtop and Vbot, correspond­
ing to the top and bottom voltage-measuring circuits in Fig. 2, shown 
as a function of the applied surface current density Ky°'' in the top 
layer. We have assumed iV = 5 superconducting layers and a mag­
netic induction B = 1.0 x 10" ^  T applied perpendicular to the layers. 
The interlayer spacing s is assumed to be 1.5 x 10"' cm, and the pen­
etration depth A|| is taken as 2.5 x 10"® cm. Plots are given for values 
of the critical surface current density Kc of a single layer equal to 0, 
5.0 X IQ-^, 1.0 X 10"-, 1.5 x 10"-, and 2.0 x lO'-c^o/A". In each 
case, the decoupling surface current density A'rf can be identified as 
the value of Ky°^ above which Vtop and Vbot split into two distinct 
branches. The curves corresponding to the first four A'c values enu­
merated above have 0 < NKc < Kdo, where K^o is the decoupling 
surface current density in the absence of pinning. As in Fig. 3, Kdo 
is calculated to be 7.5 x 10-- c<?io/A-. For the curves that correspond 
to the remaining value of A'c, we have Kdo < Kd < NKc. with Kd 
computed at 8.0 x 10"" c0o/A". Points marked by the symbols o and 
o at Ky°P = 9.0 X 10"- c<f)o/\- give the values of Vtop and Vbot for 
the two cases, A'c = 0 and 5.0 x c(po/A', considered in Fig. 3 
36 
0.10 
0.09 
0.08 
0.07 
0.06 
< 
rj o 
3 0.05 
0.04 -
0.03 
0.02 
0.01 
0.00 
-0.01 
S =  l . O x  1 0 - 1 T  
A|| = 2.5 X 10"® cm 
.V = 50 
s = 1.5 X 10 ' cm 
K r  = 0 
A'c = 2.6 X 10" 
A'c = 3.2 X 10" "^C(p„/A-
A'c = 3.84 X 10" 
Ac = 2.0 X 10" 
bottom 
O.OO 0.04 0.08 0.12 0.16 
(c0o/A-) 
0.20 
Figure 5 Time-averaged voltages per unit length, Vtop and V'tot, corresponding 
to the top and bottom voltage-measuring circuits in Fig. 2, shown as 
a function of the applied surface current density Ky"'' in the top layer. 
An applied magnetic induction B = 1.0 x 10" ^ T is directed perpen­
dicular to N = 50 superconducting layers. The interlayer spacing s 
is 1.5 X 10~"cm, whereas the penetration depth A|| is 2.5 x 10"® cm. 
Curves are shown with values of the critical surface current density 
A'c of a single layer equal to 0, 2.6 x 10"^, 3.2 x 10"^, 3.84 x 10""^, 
and 2.0 x 10"-C(?io/A-. The decoupling surface current density Kd 
is the value of A'^"'' above which Vtop and Vbot split into two dis­
tinct branches. For the curves with A'c equal to the first four val­
ues enumerated above, we have 0 < TV A'c < Kdo, where h'do is the 
decoupling surface current density in the absence of pinning. The 
calculated value of Kdo in this figure is 1.92 x lO'^ c(jio/A-. The 
curves having A'c equal to the remaining value fall within the region 
A'rfo < A'd < A''A'c,  with Kd equal to 2.07 x 10"^ c<f>o/A.-
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In both Fig. 4 and Fig. 5, we see that 0 < NKc < A"<fo for those curves corresponding to the four 
lowest values considered for A'c,  so that the value of Kd remains equal to the pinning-free value Kdo-
However, the largest value of Kc considered in either figure has Kdo < NKc', in this case, Kd is greater 
than Kdo and the time-averaged velocity of every pancake in the bottom layer is essentially zero for all 
values of Ky°^. In contrast to this, we note that so long as jVKc < Kdo > the top and bottom pancakes 
move with the same average velocity, resulting in the same measured voltage in both the top and bottom 
circuits. This measured voltage is zero if Ky"* < NKc < Kdo, is nonzero for NKc < K^^ < Kdo-
Finally, we see that whatever the relationship holds between the values of NKc and Kdo, the measured 
voltage increases in the top circuit and tends to zero in the bottom circuit as K^^ is increased above 
the decoupling value Kd-
Figure 6 gives the B dependence of Kd for Kc = 0 and Kc = 2.0 x 10~'  c(f>o/A. '  in a stack of 50 
superconducting layers. The curves show a monotonic decrease in the value of the decoupling surface 
current density with increasing B. For large values of the magnetic induction, this dependence goes as 
Xfy/B to good approximation. This behavior is qualitatively the same as the field dependence of Kd 
discussed in [45] for a stack of pinning-free superconducting layers with equal but oppositely directed 
transport currents flowing in the top and bottom layers. In addition, we note that the two curves in 
this figure merge in the vicinity of zero magnetic induction, indicating that Kd does not seem to depend 
on the value of A'c in the weak field limit. 
Characteristic curves showing the dependence of Kd on Kc for 50 layers and for 1.0 x IO~'T and 
LOT fields are given in Fig. 7. In these curves, we observe that Kd remains equal to the pinning-free 
value Kdo for nonzero values of A'c less than or equal to Kdo/N. We also observe that beyond this value 
and onto the large A'c limit, the dependence of Kd on the critical surface current density is practically 
linear. This is easily understood as follows. We recall that the magnitude of the magnetic coupling 
force e.xerted by the pancakes in the top layer on a pancake in any of the lower layers has a finite 
ma.ximum value. If the pinning force <poKc/c is sufficiently large compared to this maiximum, then the 
pancake in the lower layer is decoupled from the motion of pancakes in the top layer, undergoing little 
or no displacement from their equilibrium positions. In this case, therefore, the value of the sum over 
magnetic coupling forces on the right hand side of Eq. (53) becomes independent of A'c, and the A'c 
dependence of Kd reduces to a simple linear dependence, having a slope equal to unity. This approach 
to linear behavior in the large A'c limit is clearly illustrated in Fig. 7. 
Lastly, Fig. 8 shows the dependence of K d  on the quantity N s  for values of A'c equal to 0 and 
5.0 X 10~^c<t>o/\-, and for values of B equal to 1.0 x 10"^T and LOT. As we have done in Fig. 6, 
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Figure 6 The decoupling surface current density A"</ as a function of the ap­
plied magnetic induction B directed perpendicular to N = 50 su­
perconducting layers. The penetration depth A|| and the interlayer 
spacing s are 2.5 x 10~®cm and 1.5 x 10"' cm, respectively. The lower 
solid curve in this figure gives the B dependence of the pinning-free 
decoupling surface current density Kjo- The upper dotted curve is 
for A'c = 2.0 X lO"'cipo/A", corresponding to the largest A'c value 
considered in Fig. 5 
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Figure 7 The decoupling surface current density Kd plotted as a function of 
the critical surface current density Kc of a single layer. Plots are 
shown corresponding to values 1.0 x 10"^T and LOT for the applied 
magnetic induction B perpendicular to a stack of 50 superconduct­
ing layers. The interlayer spacing s is 1.5 x 10"'cm whereas the 
penetration depth A|| is 2.5 x 10~®cm. Kdo is the decoupling sur­
face current density in the absence of pinning. The value of Kdo 
is computed at 1.92 x 10~^ and 5.79 x 10"-c(po/A- for B equal to 
1.0 X 10"^T and LOT, respectively. For A'c < Kdoli^, we have 
Kd = Kdo (the horizontal dashed lines in the figure.) But when 
A'c > Kdo/N, Kd increases almost linearly with A'c. This linear be­
havior (shown in dotted lines) corresponding to the large A'c limit has 
the form Kd = Kc + A'o, where A'o is proportional to the coupling 
force on the top pancake lattice due to all the other pancake lattices 
rigidly fixed to their initial (i.e. zero transport current) positions. 
The computed values of A'o are 1.87 x 10~^cOo/A' for the smaller 
field and 5.56 x 10~'C(po/A- for the larger field 
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Figure 8 The decoupling surface current density Kd plotted as a function of 
Ns. The values considered for the critical surface current density 
A'c are 0 and 5.0 x 10~^ c4>o/A'. For each of these values, plots 
are shown corresponding to 1.0 x 10"'T and LOT for the applied 
magnetic induction B perpendicular to the superconducting layers. 
As is in the preceding plots, the interlayer spacing s is 1.5 x 10~"cm 
and the penetration depth A|| is 2.5 x 10~® cm. Notice that for fixed 
B, the value of Kd in the large Ns limit is approached more gradually 
for Kc ^ 0 than for A'c = 0 
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we refer back to [45] and observe that the general features of the dependence of Kd on Ns in that 
paper are the same as in Fig. 8. In particular, the value of Kd approaches a saturation value as the 
number of layers considered is increased. For A'c = 0, this saturation value is attained when Ns is of 
the order of the pancake vortex lattice spacing a. For a qualitative explanation of this feature, we refer 
the reader to the arguments presented in [45], which are also applicable to the present situation. As 
for the curves where A'c is nonzero, we observe that Kd also reaches its saturation value when Ns is 
0(a), but this approach is attained more gradually with increasing Ns than in the approach where no 
pinning is present. 
SummEiry 
In this paper, we extended the approach that we had developed in [45] to the study of the dynamics 
of 2D pancake vortex lattices in a stack of N Josephson-decoupled layers with transport current flowing 
in the top layer. Both zero and nonzero uniform pinning in the superconducing layers were considered, 
but thermal fluctuations were not within the compass of our present investigations. The discussions and 
calculations involving nonzero uniform pinning were largely motivated by the success of previous studies 
[31, 33] incorporating this feature in explaining very accurately the results of early flux transformer 
experiments done with two superconducting layers [30, 32]. 
Using our model, we considered voltage measuring circuits connected to the top and bottom layers 
and then calculated the corresponding theoretical current-voltage characteristics. The resulting plots 
showed that the pancakes in the top layer magnetically decouple from the pancakes in the other layers 
once a certain value Kd of the surface current density in the top layer is reached and exceeded. The 
dependence of this decoupling surface current density on the quantities B, Kc and Ns were investigated. 
We showed that by increasing B, the value of Kd decreases monotonically, and that this dependence 
goes approximately as 1/\/B for large values of B. We then demonstrated that in the large A'c limit. 
Kd increases linearly with A'c- Finally, we saw that the decoupling surface current density initially 
increases and then reaches a saturation value as Ns is increased. This saturation value is attained for 
A'c = 0 and for a < A|| when Ns is of the order of or greater than a, but this approach to saturation is 
moderated by the presence of nonzero uniform pinning. 
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CONCLUSION 
The two closely interrelated papers that made up the body of this dissertation outlined a theory for 
the structure and properties of two-dimensional (2D) pancake vortices in a stack of N superconducting 
thin films. Having assumed no interlayer Josephson coupling, the pancake vortices in different layers 
could interact only via magnetic coupling, and transport current flowing in one layer could not transfer 
to any of the other layers. In both papers, thermal fluctuations were assumed to be absent. 
Within this simplified model of the high-Tc superconductors, an analytical solution was derived 
for the magnetic interaction force between pairs of 2D pancake vortex lattices displaced (not rotated) 
relative to each other, but having, nonetheless, the same lattice structure. 
In the first paper, the structure and stability of a stack of perfectly triangular 2D pancake vorte.x 
lattices were considered in detail when equal but oppositely directed currents flowed in the two outermost 
layers. No pinning was assumed to be present in any of the N superconducting layers where the 
vortices resided. Numerical calculations showed that under the influence of the applied currents, the 
2D pancake vortex lattices in between the outermost layers remained essentially in perfect registry, 
whereas the vortex lattices in the top and bottom layers underwent relatively large displacements even 
as they remained magnetically coupled to the pancake vortices in the interior. Nevertheless, the top 
and bottom pancake lattices did become magnetically decoupled from the rest once the magnitude of 
the surface current densities flowing in the outermost layers became larger than the value of a certain 
decoupling surface current density. For a given number of superconducting layers, the value of this 
decoupling surface current density decreased monotonically as the applied magnetic field perpendicular 
to the layers increased. For a fixed value of the applied field, this same decoupling surface current density 
initially grew larger when N increased, starting from very small values. However, the decoupling value 
soon attained a saturation value when the thickness of the stack of superconducting layers became of 
the order of or greater than the 2D pancake lattice constant. 
The second paper considered the same system of 2D pancake vortices in a stack of N  magnetically 
coupled superconducting layers, but with transport current flowing only in the top layer. The dynamics 
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of the pancake vortex lattices was investigated for both zero and nonzero uniform pinning. In particular, 
theoretical current-voltage characteristics were calculated, with the voltages corresponding to time-
averaged values that one would expect to measure using properly configured voltage-measuring circuits 
connected to the top and bottom layers of the stack. The numericcJ results showed that the top and 
bottom voltages were the same for small values of the applied surface current density in the top layer. 
But above a certain magnitude of the applied surface current density, the top and bottom voltages 
became different, with the top voltage increasing, and the bottom voltage decreasing, as the magnitude 
of the current increased beyond the decoupling value. This dynamical decoupling surface current density 
decreased monotonically as the magnitude of the applied perpendicular magnetic field increased. When 
there was very weak pinning present in the superconducting layers, the decoupling surface current 
density remained equal to its value when pinning was absent altogether, but when there was sufficiently 
strong pinning, the decoupling surface current density increased linearly with increasing values of the 
critical surface current density. Finally, the decoupling surface current density initially increased and 
then reached a saturation value when the thickness of the stack increased from near-zero values to 
values of the order of the 2D pancake lattice constant and beyond. When nonzero uniform pinning was 
present in the superconducting layers, the saturation value was reached more gradually compared to 
when there was no pinning at all. 
The general formulation that was developed and used in these two papers is the first detailed model 
of superconducting multilayers that considers a finite number of such layers and takes into account the 
full discreteness of the layered structure. The results presented in these papers are important to the 
current study of vortices in the high-Tc cuprate superconductors, and these findings may be used to 
address current theoretical and experimental issues on vortex structure and dynamics in these materials. 
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